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Abstract This paper investigates persistence of transient dynamics depending on parameters in
spatially coupled ecological systems. We emphasis that the persistence time can be obtained by
populations of species or Lyapunov exponents of transient dynamics. It is found that extreme
sensitive dependence of persistence on parameters occurs commonly in ecological models. A non-zero
uncertainty exponent is used to characterize the high sensitivity in a reasonable parameter region.
The result of a small uncertainty exponent indicates a fractal structure of transient persistence in
the two-dimensional parameter space. In spite of diﬀerent methods of measurement, the fractal
dimensions have a good consistency. Since populations of natural communities with many coupled
oscillators are often aﬀected by disturbance of migration rates, the large probability of error in
estimating persistence of transients should be concerned. c© 2011 The Chinese Society of Theoretical
and Applied Mechanics. [doi:10.1063/2.1106302]
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Many traditional ecological theories have concen-
trated on long-term or asymptotic behavior which ex-
hibits rich dynamics, such as stable equilibrium, lim-
ited cycle, chaos or more complex phenomena. While
in applications, most experiments are based on short-
term investigations because population dynamics will
change over long timescales, leading to a mismatch be-
tween theories and observations. Along with the de-
velopment of ecology, more and more scientists begin to
pay their attentions to transient dynamics which focuses
on short-term responses, instead of asymptotic dynam-
ics. At 1994, Hastings et al. ﬁrst showed that, for
the system with strong nonlinearity, the time required
to reach the ﬁnal state will be very long and sudden
changes will appear in population dynamics.1 This im-
plied that a number of ecological models have complex
transient dynamics which is more relevant than long-
term behavior. Then the following work veriﬁed that
transient dynamics is thought to be a reasonable ex-
planation to understand natural ecological systems.2–7
As one important ecological issue of what and how the
environment inﬂuences the existence of species popula-
tions in nature, recent researches have emphasized on
the eﬀect of disturbances and recovery on the persis-
tence of populations, where transients play a dominated
role, rather than the stability analysis.
The purpose of this letter is to explore conditions
for persistence of species and its dependence in ecolog-
ical systems from a transient perspective. The analysis
is mainly based on a paradigmatic ecological model—
the coupled predator-prey system with species interac-
tions and spatially coupling. Here, the spatial eﬀect is
thought to be an important factor on persistence, be-
cause populations of species in diﬀerent patches produce
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cyclic dynamics which oscillates but persists with pop-
ulations staying away from the values where extinction
is likely to occur in nature.8–10 If the focus is on the
short-term behavior by transients, the model oﬀers a
good description of persistence on observed ecological
comminutions. To judge the persistence time of species
quantitatively, one can study the ﬁnite time scale of the
dynamics by observing the time before the total popula-
tion of species in a single patch, or Lyapunov exponent
of the ecological system ﬁrst falls below a threshold.
The results show that the connectivity between species
has a great inﬂuence on its persistence. A small change
of dispersal can transfer one state with long or inﬁnite
persistence which corresponds to a stable asymptotic so-
lution, to another dynamics with ﬁnite shorttime persis-
tence through transients. Hence, we demonstrate that
persistence of natural systems is determined by tran-
sient dynamics essentially and it has great dependence
on system parameters.
Moreover, to quantify this dependence, a scaling ex-
ponent for uncertain parameters is employed to char-
acterize the structure of the persistence time on the
parameter map. Starting with one patch empty, the
persistence time can be calculated by two deﬁnitions as
a function of the migration rates of predator and prey.
Both results illustrate that the uncertainty exponent
of persistence time in the parameter space is approxi-
mately 0.1 and the corresponding fractal dimension D0
is 1.9, indicating the extreme sensitive dependence of
persistence on parameters. Meanwhile, the results pro-
vide further insight into ecological questions that spa-
tial dispersal can be of great signiﬁcance for existence of
species and the dispersal rate should be accurately ﬁxed
to give a precise estimation of persistence. Even suf-
ﬁciently tiny perturbations of environment conditions
will make persistence time change orders of magnitude,
so that species persist long or quickly go extinction. In
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spite of diﬀerent methods of measurement, the fractal
structure of transient persistence in the parameter space
has a good consistency. Although our demonstrations
are for the speciﬁc model of predator-prey interaction,
we expect that our work can be useful for addressing
the problem of transient persistence in spatially cou-
pled systems.
The model we employed here is a classical
Rosenzweig-MacArthur system consisting of predator-
prey populations with local interaction, inhabiting two
identical patches coupled by migration. The popula-
tion in each patch is well mixed and the dynamics is
well studied that the prey population grows logarithmi-
cally and the predator exhibits a Holling type II func-
tional response.11,12 The coupled ordinary diﬀerential
equation can be described by
dNi
dt
= γNi
(
1− Ni
c
)
− bNiPi
b+ Pi
+ dh(Nj −Ni),
dPi
dt
=
bNiPi
b+ Pi
− μPi + dp(Pj − Pi),
i, j ∈ {1, 2} ; i = j, (1)
where Ni and Pi denote the densities of prey and preda-
tor populations in patch i (i = 1, 2) respectively, γ is
growth rate of the prey population and c is its carrying
capacity. The parameter b denotes the saturation value
of the functional response and μ is the death rate of the
predator in the absence of prey. For the spatial eﬀect
in two compartments, the migration rate of the prey is
given by dh and that of the predator is dp. Since all con-
ditions in both patches are the same, the solution of this
model is symmetrical in the sense that a homogeneous
environment of ecological populations can be obtained.
Typically, in the non-spatial case (dh = dp = 0), the
symmetrical solution is stable (equilibriums or limited
cycles) and a Hopf bifurcation takes place by choosing
c as a bifurcation parameter. While for the spatially
coupled model with migration, stability of the symmet-
rical dynamics would be totally destroyed. For exam-
ple, the symmetrical limited cycle will become unstable
when the prey migration is low and the predator migra-
tion rate is intermediate. In this way, for the system
through spatial interaction, a non-symmetrical attrac-
tor typically exists and the model will exhibit long-term
cyclic dynamics. Especially, when the coupled systems
get into phase, amplitude of each oscillator increases so
that if the orbits approach to very low levels, extinction
of a species is likely to occur. Hence, spatial migra-
tion has a great impact on persistence and coexistence
of species,8,13 and transient dynamics which is far from
equilibrium should be considered to give reasonable ex-
planations for natural ecological problems.
For what we concerned is a kind of short-term tran-
sient behavior, the local stability analysis of asymptotic
solutions can not be used theoretically. One has to per-
form transient dynamics of the predator-prey model (1)
by numerical simulations. Previous work11 has demon-
strated that a similar prey-predator model with no prey
migration would exhibit various types of dynamics, such
as synchronous, asynchronous, chaotic and more com-
plex behavior, for diﬀerent choice of parameters, espe-
cially diﬀerent magnitude of spatial migrations. More-
over, in experimental studies,14 two types of ﬂuctua-
tions, like in-phase and out-of-phase cyclic dynamics,
can be observed in ecological oscillators and they tran-
sit very fast. When local dynamics proceeds cyclic
out-of-phase behavior, the population in two patches
keeps moderate levels that each species last thousands
of generations without extinction. While when they get
inphase, perturbations would be large and the popu-
lation will quickly decrease to a very low level which
correspond to extinction of one or both communities.
To illustrate cyclic dynamics of out-of-phase and in-
phase solutions, we ﬁrst simulate the spatially coupled
ecological model (1) by setting the initial conditions
with one patch completely empty, that is N1(0) = 4.0,
P1(0) = 2.0, N2(0) = P2(0) = 0.0, and the parameters
are ﬁxed as γ = 1, c = 100, b = 10, μ = 1. Choose
migration rate as dh = 0.01, dp = 0.001, the system
displays out-of-phase solutions shown in Fig. 1(a). It is
shown that the peaks of the prey population in patch
one arise between the peaks in patch two. Figure 1(b)
shows the phase diagram of the prey population in two-
patch system, indicating the cyclic movement of prey
population. While if we adjust the predator dispersal
to dp = 0.015, the dynamics will keep the same levels
of predator and prey in both patches and get in phase
after an initial transient (see Fig. 2).
From another aspect, dynamics of diﬀerential sys-
tems can be characterized by Lyapunov exponents that
indicate the average exponential rates of divergence
of inﬁnitesimally nearby orbits in dissipative maps.
For the high dimensional ecological system (1), each
orbit typically yields a set of Lyapunov exponents
λi(i = 1, 2, 3, 4). The most important one among them
would be the maximum Lyapunov exponent (λmax =
max (λi)) which represents the stable or unstable dy-
namics eventually. Basically, for a negative λmax, ﬁ-
nal orbits would be shrink together so that stable so-
lutions (equilibrium points or periodic orbits) are the
only description of results. Otherwise, if λmax > 0, all
adjacent orbits will be expansion and display chaotic
dynamics. In the critical case of λmax ≈ 0, diﬀer-
ent types, like (asymptotic) cyclic or chaotic behavior,
would be presented through a transient process that we
can hardly predict the ﬁnal state or estimate its stabil-
ity. By primarily considering transient dynamics in eco-
logical systems, a new approach for studying persistence
of transients is proposed by employing Lyapunov expo-
nent functions. Using Gram-Schmidt orthogonalization
method15 we can, in principle, calculate all Lyapunov
exponents of the two-patch coupled ecological dynam-
ics, and ﬁnd the maximum one numerically. Figure 3
displays λmax varying with time t for the case of out-
of-phase and in-phase dynamics. As shown in Fig. 3,
the value of λmax ﬁrst keeps positive for a while and
then quickly decreases to very small values around zero,
which corresponds to the long timescale of ﬁnal dynam-
ics.
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Fig. 1. Time series (a) and phase diagram (b) of the prey population in two patch ecological system (1). The ﬁgure shows
a stable out-ofphase solution for γ = 1, c = 100, b = 10, μ = 1, dh = 0.01, dp = 0.001.
Fig. 2. Typical transient dynamics of in-phase solutions in the predatorprey system (1). The parameters are γ = 1, c =
100, b = 10, μ = 1, dh = 0.01, dp = 0.015.
Intuitively, out-of-phase dynamics presents long-
term persistence and short-term transients can be found
in in-phase solutions, which means a sudden outbreak
of species occurs within a short time and the popula-
tion will reach to a unrealistically low values. In this
case, the long timescale of persistence will not exist any-
more and coexistence environments will be aﬀected ad-
versely. Thus, the primary research would be the key
factor determining persistence and coexistence of eco-
logical communities, or moreover, the problem of how
long will transients of ecological populations persist if
they evolve with diﬀerent demanded environments. If
extinction of species is depicted as its population drops
below an extreme low value from ecologic point of view,
the persistence time, tp, can be determined by the ﬁrst
time the total number of each population decreases to
a threshold of ε = 10−5, that is
tp =
{
t|
2∑
i=1
Ni(t) = ε or
2∑
i=1
Pi(t) = ε
}
(2)
According to this, we calculate the persistence time of
in-phase solutions which is about 78.66 time unit (see
Fig. 1(b)), which is almost 6 times of the predator-prey
cycle length. When the system displays out-of-phase
dynamics, the orbits would extend to more than 103
time unit which the persistence is regarded as inﬁn-
ity. In this case, the extinction of natural communi-
ties would be impossible. By comparing diﬀerent kinds
of prey and predator dynamics in Figs. 1 and 2, the
behavior of out-of-phase and in-phase arises by vary-
ing system parameters, especially the movement rates
between species. Small amplitudes of parameter pertur-
bations may lead to the system which becomes in-phase
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Fig. 3. The maximum Lyapunov exponent as a function of
time. The real line denotes the maximum Lyapunov expo-
nent of out-of-phase dynamics in Fig. 1, and the dashed line
denotes in-phase case in Fig. 2.
and quickly extincts, or becomes out-of-phase and per-
sists long. To further investigate parameter dependence
of persistence time for the coupled ecological system, we
calculate the persistence time deﬁned by Eq. (2) in the
two-dimensional parameter space formed by logarithmic
scale. Sampled over 250×150 uniform grid in a reason-
able parameter region, Fig. 4(a) shows a complex map
of persistence time on parameter set from top view for
γ = 1, c = 100, b = 10, μ = 1, and the initial conditions
are the same values as given before. We can see that
the pattern is complicated which means that the per-
sistence of species largely depends on migration rates
between species in two patches. Even a tiny perturba-
tion of the coupling coeﬃcients can anomalously cause
the persistence with much diﬀerent timescales.
Meanwhile, since the dynamics of systems can be
investigated by the maximum Lyapunov exponent we
would like to discover whether the maximum Lyapunov
exponent can be used to quantify the persistence time
as well. For a close zero Lyapunov exponent represents
the critical state of diﬀerent dynamics, we deﬁne that
the process of transients can be represented by the time
at which λmax is bigger than an arbitrary small value λε.
According to the time evolution of λmax, we say that the
system evolves into diﬀerent types of ﬁnal state through
transients, and another deﬁnition of persistence time tp,
which is new to ecology, is given by
tp = { t|λmax(t) = λε} . (3)
Choosing λε = 0.01, we ﬁnd that the persistence time
of in-phase transients is 48.76 time unit and the out-of-
phase dynamics persists 131.71 time unit (see Fig. 3),
which is independent of the persistence time calculated
in Fig. 2. As is known to all, lifetime of transient dy-
namics for one system with the same conditions would
be certain. Why there is a big diﬀerence between two
ways of testing persistence? Note that the persistence
time characterized by λ largely rests with the critical
value λε. The smaller the λε is, the longer persistence
of transients will be. Although the exact values of per-
sistence time calculated by two deﬁnitions cannot be
quantitatively the same, the short-term persistence of
in-phase transients and long persistence of out-of-phase
dynamics are roughly consistent. Thus, we conclude
that persistence of transient dynamics can be quali-
tatively analyzed by maximum Lyapunov exponent of
population dynamics, which is diﬀerent from the ordi-
nary method in ecology. At the same time, if we ex-
amine dependence of persistence of transients dynam-
ics judged by Eq. (3) with the same conditions as in
Fig. 4(a), the result also displays a complicated pattern
with almost the same pattern shown in Fig. 4(b). To
test the similarity of the two maps in Fig. 4, a ques-
tion arises, how to measure the complexity or, in other
words, how much sensitivity does the persistence time
depend on the coupling intensity between two species?
In previous studies, a non-zero uncertainty expo-
nent for characterizing the dependence of asymptotic
attractors on initial conditions has been employed to
quantify the fractal dimension of basin boundaries.16
On this basis, to demonstrate the sensitive depen-
dence of transient persistence on parameter conditions,
we ﬁrst consider one parameter combinations d1 =
(d1h, d
1
p) ∈ Φ, where Φ denotes parameter space, and the
corresponding persistence time is tp(d1). We say that
d1 is an uncertain point, in the sense that the persis-
tence times between d1 and d2 are very diﬀerent. Here,
d2 is neighboring point of d1 with an extreme small per-
turbation ε(< 1), namely |d2| = |d1|+ ε.
The formula can be expressed by
|tp(d1)− tp(d2)| > m, (4)
where | | is a modular operator in two dimensional
spaces and m is a suﬃcient large value for character-
izing diﬀerence of persistence time. Then we randomly
choose a set of parameters Γ which cross the rectangular
region linearly. Let f denote the fraction of these which
we ﬁnd to be uncertain, that is f ≈ Nu/Nt, where Nu is
the number of uncertain points judging by Eq. (4), and
Nt is the total number of parameters in Γ . Hereby, the
fraction f can be a judgement of uncertainty of persis-
tence depending on parameters. The bigger f implies
the larger probability of uncertain dependence of per-
sistence on parameters. Actually, f is a function of per-
turbation ε, for large amplitude of perturbation, all the
chosen parameters would be uncertain. So that the un-
certainty Nu decreases with the decrease of magnitude
of ε. According to the existing researches,3 we ﬁx the
parameter region as [−3,−5.5,−1,−1.5] and m = 100.
Figure 5 plots the results of the uncertain fraction f
versus ε by a great number of simulations on the log-
arithmic scale. Here, the upper subﬁgure denotes the
percentage of uncertain points calculated from the per-
sistence time in Fig. 4(a), and Fig. 5(b) denotes the
uncertainty obtained from Fig. 4(b). Apparently, the
fraction f has a power-law dependence on ε, described
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Fig. 4.
by
f ∼ εα, (5)
where α is the so-called uncertainty exponent. If α < 1,
especially small, a large improvement of ε leads to
only a relatively small improvement in the probabil-
ity of uncertain points and we say that there is sensi-
tive dependence on parameters, and vice versa. Setting
Nt = 10 000, we calculate the uncertainty exponents
by the slope of the ﬁtted straight line in the region of
[−8,−2], because too large or too small perturbations
may lead to imprecise calculations. The uncertainty
exponents of two parameter maps are about 0.11 and
0.12. Both values are such small, which denote that
the dependence of persistence on parameter conditions
are extreme sensitive, and the probability that the per-
sistence time in experiments correctly reﬂects the true
timescale of persistence is small. This also indicates
that the computer calculation of transient persistence of
the ecological system in migration regime cannot be re-
liable. Moreover, we have the following relation between
the index α and the fractal dimension D0, α = D−D0,
where D = 2.0 is the dimensionality of the relevant pa-
rameter space. The fractal dimensions of the parameter
map (Fig. 4), determined by time evolution of popula-
tion dynamics and the maximum Lyapunov exponent
are close to D0 = 1.9, which both illustrate an extreme
type of fractal structure.
Recent studies of persistence and coexistence in eco-
logical systems have emphasized on transient behavior,
which is thought to be an essential consideration to de-
termine what enables species to coexist in nature. Fol-
lowing this, the key of this letter will be a major fo-
cus on the persistence time on a ﬁnite timescale to get
more knowledge of transient dynamics. One traditional
way to study persistence time is based on the popula-
tion of natural communities, while another judgement
is to present the time interval between the initial state
and the ﬁnal behavior by the Lyapunov exponent of dy-
namic systems. By using a spatially coupled predator-
prey model, it is found that the dispersal rates leading
to short-term persistence are irrelative to the param-
eter values which lead to asymptotic stability. Note
that natural species are likely to come from one com-
pletely empty patch. We ﬁx this initial condition to
simply present transient dynamics of coupled ecological
systems. As a matter of fact, the behavior with other
initial situations, like both patches initially occupied,
can lead to change of exact values of persistence time.
But the phenomena of sensitive dependence of persis-
tence on parameters is very much alike. (The complex
dependence of the persistence time on initial conditions
has been illustrated by Refs. 8 and 17.)
The use of the fractal dimension characterized by
a nonzero uncertainty exponent, gives a better under-
standing of how to measure dependence of ecological
models on environment conditions. Our most interest-
ing ﬁndings would be that, the persistence time of the
ecological system exhibits an extreme complexity type
of structure in the parameter space. Especially for mod-
erate values of migration rates, arbitrarily small per-
turbations of parameter combinations may change the
dynamics with longterm persistence to another type of
behavior with a short time transient. It can therefore be
concluded that, the dispersal is signiﬁcantly important
for persistence of transient populations and the depen-
dence is extreme sensitive. Even each single persistence
time calculated by both methods has great diﬀerences,
the entire fractal structure of the persistence time in
the parameter space will be similar, and the high sensi-
tive dependence of persistence on parameter conditions
is consistent. In addition, fractal structures in the pa-
rameter space also provide such a new insight to the
mechanisms that transient persistence of spatial ecolog-
ical systems is extremely unpredictable. An imprecise
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Fig. 5. Lgf -lgε plot of the uncertainty fraction f(ε) of Figs. 4(a) and 4(b) versus the uncertainty ε by using 10 000 pairs of
persistence time in the parameter space. The uncertainty exponent α is estimated by the slope of the ﬁtted straight line.
measure of condition parameters may cause huge errors
when we predict persistence of natural ecological com-
munities. Hence, precisely forecasting and ﬁnding the
main factor, which aﬀects particular parameters, are
thought to be signiﬁcant in ecology
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